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Abstract. In this paper we introduce a geometric description of Lagrangian and Hamiltonian classical 
field theories on Lie algebroids in the framework of fc-cosymplectic geometry. We discuss the relation 
between Lagrangian and Hamiltonian descriptions through a convenient notion of Legendre transforma- 
tion. The theory is a natural generalization of the standard one; in addition, other interesting examples 
are studied, mainly on reduction of classical field theories. 
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1. Introduction 

The k-cosymplectic formalism is one of the simplest geometric framework for describing many inter- 
esting cases of first-order classical field theories. It is a generalization to field theories of the standard 
cosymplectic formalism for non-autonomous mechanics and it is adequate for describing field theories 
with Lagrangians or Hamiltonians function explicitly depending on coordinates in the basis or the set of 
parameters. The foundation of the fc-cosymplectic formalism is the fc-cosymplectic manifolds |30l 131] . 

Historically, it is based on the so-called polysymplectic formalism developed by Giinther [12], who 
introduced the polysymplectic manifolds. A refinement of this concept allows us to define k-symplectic 
manifolds [HIS], which are polysymplectic manifolds admitting Darboux-type coordinates [371 [35] ■ (Other 
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different polysymplectic formalisms for describing field theories have been also proposed (THl [HI HTl 

MM)- 

Sometimes, the Lagrangian and Hamiltonian functions are not defined on a fc-cosymplectic manifold, 
for instance, in the reduction theory, where the reduced "phase spaces" are not, in general, fc-cosymplectic 
manifolds, even when the original phase space is a fc-cosymplectic manifold. For instance, in this paper, 
we will see that when we consider reduction by symmetry of Lagrangian field theories, we obtain a reduced 
Lagrangian which can not described using the standard fc-cosymplectic theory. In Mechanics this problem 
is solved using Lie algebroids instead of tangent and cotangent bundles (see p51 [55] ). 

The goal of this paper is to develop an extension of fc-cosymplectic field theories to Lie algebroids, such 
that, in the particular case fc = 1 we obtain the traditional mechanics on Lie algebroids and when the Lie 
algebroid is the tangent bundle we derive the classical fc-cosymplectic formalism. Classical field theories 
on Lie algebroids have already been studied in the literature. For instance, the multisymplectic formalism 
on Lie algebroids was presented in (391 140j , the fc-symplectic formalism on Lie algebroids was studied in 
|24) . In [53] a geometric framework for discrete field theories on Lie groupoids has been discussed. 

The organization of the paper is as follows. In section [5] we summarize some aspects of the reduction 
on principal bundles developed by M. Castrillon et al. in [5] and [7], the covariant Lagrangian reduction. 
This approach gives us examples of field theories on reduced "phase spaces" which are not, in general, 
fc-cosymplectic manifolds. Here we observe that is necessary to develop a theory more general than the fc- 
cosymplectic formalism for field theory. In section[3]we recall some basic elements from the fc-cosymplectic 
approach to first order classical field theories. In section 2] we remember some basic facts about Lie 
algebroids an the differential geometric aspects associated to them. In this section we also describe a 
particular example of Lie algebroid, called the prolongation of a Lie algebroid over a fibration. This Lie 
algebroid will be necessary for the further developments. In section [5] the fc-cosymplectic formalism is 
extended to the setting of Lie algebroids. The subsection 15.11 describe the Lagrangian approach and the 
subsection 15.21 describe the Hamiltonian approach. These formalisms are developed in an analogous way 
to the standard fc-cosymplectic Lagrangian and Hamiltonian formalisms. We finish this section defining 
the Legendre transformation on the context of Lie algebroids and we establish the equivalence between 
both formalism, Lagrangian and Hamiltonian, when the Lagrangian function is hyperregular. In section 
iniwe show some examples where the theory can be applied. 

All manifolds and maps are C°°. Sum over crossed repeated indices is understood. Along this paper 
one fc-tuple of elements will be denoted by a bold symbol. 

2. Motivating example: Principal bundle reduction, covariant Euler-Poincare 

equations. 

Reduction by symmetry of Lagrangian field theories is useful for the implementation of many diverse 
mathematical models from geometric mechanics. One of the main approaches has been develop by M. 
Castrillon-Lopez et al. in [5] and [7] and it is referred as covariant Lagrangian reduction. 

The papers on covariant Lagrangian reduction, [7] , dealt with the extension of classical Euler-Poincare 
reduction of variational principles to the field theoretic context, the idea of this paper is the following: a 
field theory was formulated on a principal bundle and was reduced by the structure group. This process 
can be summarized as follows. We begin with a right principal bundle tt: P — > M with structure group 
G. The group G naturally acts on J^P by {j^s) ■ g i^iRg ° s), for any j].s G J^P and g G G. One 
considers a Lagrangian L: J^P invariant under the natural action induced by the structure group 

G. The reduced variational problem now takes place on G{P) = {J^P)/G, the bundle of connections, for 
more details see [7]. 

Now we consider the following particular case: P = R'' x G and M = R^, that is, the trivial bundle 
M*^ X G — >■ M'^ , in this case, J^P can be identified with R'^ x T^G, where, T^G is the tangent bundle of 
fc^-velocities of G, that is, the Whitney sum of fc copies of TG (see section 

Let L: J^P = R*-' x T^G — )■ R be a Lagrangian invariant under the natural action of G on R''' x T^G. 
In this case, we make the identifications 

J\R'' X G)/G ^ (R'^' X TlG)/G = (R'^ x G x gx X0)/G ^^R*^ x gx xg 

and then the reduced Lagrangian is a function I: {J'^P)/G = {R'' x T^G)/G = R'' x (g© ©g) R. 

Let us observe that in this simple example of covariant Lagrangian reduction, the reduced Lagrangian 
is not defined on a fc-cosymplectic manifold. 
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In this paper we will study classical field theories on Lie algebroids using the /c-cosymplectic approach. 
In this setting the above example can be solved. Furthermore, we will develop a framework that: 

(1) Reduces the classical fc-cosymplectic field theories, [301 ISI] to particular cases. 

(2) Reduces mechanics on Lie algebroids, see for instance |ni[37], to particular cases. 



3. Geometric preliminaries 

In this section we recall some basic elements from the fc-cosymplectic approach to classical field theories 
[301 [3T]. 

3.1. The manifold R'' x {T^)*Q. Let Q be an n-dimensional differentiable manifold and ttq : T* Q Q 
its cotangent bundle. We denote by {Tl) *Q the Whitney sum T*Q® ^. ®T*Q of fc copies of T*Q 

(T^) *Q can be identified with the manifold J^(Q,M'^)o of fc^-covelocities of Q, that is, 1-jets of maps 
a: Q ^ R'' with target at G M'' ,say 

Ji((3,K'')o = T*Q®.'i.®T*Q 

where — prA°<y '■ Q — > R is the Ath component of a and prA : M''' ^> R are the canonical projections, 
1 < A <k. For this reason, (T^) *Q is, also called the bundle of -covelocities of the manifold Q. 

The manifold J^ttq of 1-jets of sections of the trivial bundle ttq : R'^ x Q — Q is diffeomorphic to 
R*^ X {TD *Q, via the diffeomorphism given by 

J^ng R^- X (T^i) *Q 

jq(l> = jqift^M" , Idq) I — > (0Rfc (g), aj, . . . , a^') , 

where : Q A R*^ x g R^ 1 < A < fc, {(j)^)'^ : g R'= ^-^ R and = d(0Rfc)^(q). 
Throughout all the paper we use the following notation for the canonical projections 

R'^ X {TlYQ ^^"^"-"^ Rfe X g 




where 

7?Q(t) (7fQ)i,o(t,ag,...,ag) (t,g), (7fQ)i(t, aj, . . . , a^) = g , 

with t e R^ g e g and (ai, . . . , aj) G (Tl) *Q. 

If (g') are local coordinates on [/ C g, then the induced local coordinates {q^,Pi), 1 < i < n, on 
(ttq) -^{U) = T*U C r*g, are expressed by 

q'iaq) ^ q'{q), p,{aq) = a, ^ , 

and the induced local coordinates {t^,q\pf), I < i < n, 1 < A < k, on [(5?q)i] "^(C/) = R*-' x (T^) *U 
are given by 

On R'' X (T^) *g, we consider the differential forms 

7rf : R'= X (T^) *Q ^ R , : R'' x {Tl) *Q^T*Q being the canonical projections defined by 

TTi (t,ag,...,ag) =t , (t,a^, . . . ,a^) = , 

where lj = —dO ~ dq^ Adpi is the canonical symplectic form on T*Q and — pi dq^ is the Liouville 1-form 
on T*g. Obviously = -dO"^, l< A<k. 

In local coordinates we have 
(3.1) 6*^ = pfdq' , = dq' A dpf . 
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Moreover, let 



V* = ker i ((7rQ)i,o)*) = ( — ^, • ■ • , ^ 

dp, dpi 

i\ *, 



d 



d 



X Q. 



be the vertical distribution of the bundle (7rg)i,o : K x {Tl) *Q 

A simple inspection of the expressions in local coordinates p.ip shows that the forms rj^ and uj^ are 
closed, and the following relations hold 

(1) r/i A ■ • • A 7?'= 7^ 0, (,y^)|y.=0, (w^) | v . xy * = 0, 

(2) (n^^i kerry^) n (n^^i kera;-^) = {0}, dim{fi\^^ kertj^) = fc, 

From the above geometrical model, the following definition is introduced in [30] : 

Definition 3.1. Let M he a differentiable manifold of dimension k{n+l)+n. A /c-cosymplectic structure 
on M is a family {ri'^,u!^,V; 1 < A < k), where each rj^ is a closed 1-form, each is a closed 2-form 
and V is an integrable nk- dimensional distribution on M , satisfying (i) and (ii). 

M is said to be an /c-cosymplectic manifold. 

The following theorem has been proved in |30] . 

Theorem 3.2. (Darboux Theorem): If M is an k-cosymplectic manifold, then around each point of M 
there exist local coordinates {t^,q^,pf) such that 

d_ _d_ 



77 



dt' 



dq'Adpf, V 



In consequence, the canonical model for these geometrical structures is (K.'^ x (T^) *Q,ri'^ ,uj^ ,V *). 
See, for instance [301 ISB 113 

3.2. The manifold R'=xT^}Q. Let Q be an n-dimensional manifold and tq : TQ — s> Q its tangent bundle. 



We denote by T^Q the Whitney sum TQi 



^TQ of k copies of TQ, with projection Tq : T^Q 



where vaq G TqQ, A = l,...,fc. T}Q can be identified with the manifold 



4{ 



l'^, Q) of fc^-velocities of Q, that is 1-jets of maps a: 1 

Jl(E^Q) = TQ® 



^ ^ Q with the source at G ^ 
®TQ 

■ ■ , Vkq) 



% say 



where q = fT(0) and VAq = Tqct (^-^ ^ , {t^, . . . ,t'') being the standard coordinates on R*^. T^Q is 
called the tangent bundle of k^ -velocities of Q (see |42j). 



The manifold J^ttrs of 1-jets of sections of the trivial bundle Tt-g_k 



is diffeomorphic to 



T^Q, via the diffeomorphism given by 



where 



Q Q, and 



VA = Tt0Q ( ^ 



R'' X T^Q 

{t,Vi,...,Vk) 



K A<k. 



Let pq : R*^ X T^Q ^ Q be the canonical projection. If (g*) are local coordinates on U C Q, then the 
induced local coordinates {t^,q^,v\) on Pq^{U) — R''" x T^U are expressed by 

t'^{t,vig,...,Vkq) =t^; q\t,vig,...,Vkq) ^q\q)] v\{t,vig, . . . ,Vkq) = {dq\vA) , 
where l<i<n, \ <A<.k. 

Throughout the paper we use the following notation for the canonical projections 



y-TlQ 



' x Q 
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where, for t e K'', q^Q and {vi^, . . . , Vkq) £ TlQ, 

<?) = t, (7rR)=)i,o(t,?;ig, . . . = (t,(7), (7rRfc)i(t, ui,, . . . = t . 

3.3. k-vector fields and integral sections. 

Let M be an arbitrary manifold. 

Definition 3.3. A section X : AI — > T^M of the projection t^j will he called a fc-vector field on M . 

To give a fc-vector field X is equivalent to give a family of k vector fields Xi , . . . , Xk ■ Hence in the 
sequel we will indistinctly write X = {Xi, . . . , Xk). 

Definition 3.4. An integral section of the k-vector field X = {Xi, . . . ,Xk), passing through a point 
X £ M , is a map : Uo CR'' M, defined on some neighborhood Uq of £ R*^, such that V'(O) = x, 
and 

d_ 

or, equivalently, '0(0) = x and tp satisfies Xo'j/) = i'^^K where ^^^^ is the first prolongation of ijj to T^M, 
defined by 

: Uo C IR'= — > TlM 

d 



(3.2) ^^t) ( — ) ^ XA(^/'(t)) , for every t e f/o, f < A < fc, 



t 



dt^ 



where '0t(s) = V'(t + s). 

A k-vector field X — {Xi, . . . ,Xk) on M is said to be integrable if there is an integral section passes 
through every point of M . 

Remark 3.5. In the fc-cosymplectic formalism, the solutions of Euler-Lagrange's field equations are the 
integral sections of fc-vector fields. In the case fc = 1, this definition coincides with the classical definition 
of the integral curve of a vector field. o 



4. Lie algebroids 



In this section we present some basic facts about Lie algebroids, including features of the associated 
differential calculus and results on Lie algebroid morphisms that will be necessary. For further information 
on groupoids and Lie algebroids, and their roles in differential geometry, see [4l [20l l32l 133) . 

4.1. Lie algebroid: definition. Let i? be a vector bundle of rank m over a manifold Q of dimension 
n, and let r : Q be the vector bundle projection. Denote by Sec(£^) the C°°((5)-module of sections 
of T. A Lie algebroid structure {\-t-\eiPe) on i? is a Lie bracket |-, -Jb : Sec(i?) x Scc(£') — s> Sec(£') 
on the space Sec(_B), together with an anchor map pE '■ E ^ TQ and its, identically denoted, induced 
C°°((5)-module homomorphism pE ■ Sec{E) X{Q) such that the compatibility condition 

[o-i, /cr2]B = fieri, cr2jE + {pE{cri)f)cr2 , 

holds for any smooth functions f on Q and sections cti,<T2 of E (here pe{cti) is the vector field on Q 
given by /3e(o'i)(<z) = p_E(cri(q))). The triple {E, |-, -JetPe) is called a Lie algebroid over Q. From the 
compatibility condition and the Jacobi identity, it follows that pE ■ Sec{E) X{Q) is a homomorphism 
between the Lie algebras {Sec{E), 1-,-]e) and (^(Q), [•,•]). The following are examples of Lie algebroids. 

(1) Real Lie algebras of finite dimension. Any real Lie algebra of finite dimension is a Lie 
algebroid over a single point. 

(2) The tangent bundle. If TQ is the tangent bundle of a manifold Q, then, the triple {TQ, [■, ■],idTQ) 
is a Lie algebroid over Q, where idxQ '■ TQ — >■ TQ is the identity map. 

(3) Another important example of a Lie algebroid may be constructed as follows. Let tt : P — >■ Q be 
a principal bundle with structural group G. Denote by $ : G x P — >■ P the free action of G on 
P and by r<i> : G x TP — > TP the tangent action of G on TP. Then the sections of the quotient 
vector bundle Tp^Q : TP/G Q = P/G may be identified with the vector fields on P which 
are invariant under the action $. Since every G-invariant vector field on P is 7r-projectable and 
the standard Lie bracket on vector fields is closed with respect to G-invariant vector fields, we 
can define a Lie algebroid structure on TP/G. This Lie algebroid over Q is called the Atiyah 
(gauge) algebroid associated with the principal bundle tt : P — ^ Q [25l [32] . 
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d 

(4.1) P£;(ea) ^pLttT' Iea,e/3l£; - 



Throughout this paper, the role played by a Lie algebroid is the same as the tangent bundle of Q. In 
this way, one regards an element e of i? as a generalized velocity, and the actual velocity v is obtained 
when we apply the anchor map to e, i.e. v — pe{s)- 

Let be local coordinates on a neighborhood U oi Q and {ea}i<a<m a local basis of sections of 

T. Given e £ E such that T(e) — q, we can write e = y°'{e)ea{q) G Eq^ i.e. each section is given locally 
by = y°'ea and the coordinates of e are ((?*(e), y"(e)). A Lie algebroid structure on Q is locally 
determined as a set of local structure functions p^, C^^ on Q that are defined by 

and satisfy the relations 

2^ \P<^ Qq^ + I - ^ ' Qq3 QqO ~ ^'^ "-^ • 

cyc/zc(Q,/3,7) 

These relations, which are a consequence of the compatibility condition and Jacobi's identity, are usually 
called the structure equations of the Lie algebroid E. 

4.2. Exterior difFerentiaL A Lie algebroid structure on E allows us to define the exterior differential 
ofE, d^ : Sec(A' E*) Sec(A'"^^ E*), as follows: 

i+i 

d'^fi{ai,...,ai+i) = '^{-iy^^pE{cTt)n{ai, . . . ,ai, . . . ,ai+i) 

(4.3) "=i 

+ ^(-l)''''V(kM0-j]i5,0-l, . . . ,(Ji, . . . ,(fj, . . . cr;+i) , 

for /i G Sec{/\'' E*) and cri,...,CT;+i G Sec(i?). It follows that d^ is a cohomology operator, that is, 
(d^)2 = 0. 

In particular, if / : Q — > M is a smooth real function then f{a-) = pE{(T)f, for a £ Sec(i?). Locally, 
the exterior differential is determined by 

(4.4) d^q* = p^e" and d'^ e'' = -^Glpc" A e\ 

where {e"} is the dual basis of {cq.}- 

The usual Cartan calculus extends to the case of Lie algebroids: for every section cr of i? we have a 
derivation (contraction) of degree —1 and a derivation = i^od + doi^ (the Lie derivative) of degree 
0; for more details, see [5^ [55] . 

4.3. Morphisms. Let [E, \-t-\e,Pe) and (£", \- t-\e' t Pe') be two Lie algebroids over Q and Q' respec- 
tively, and suppose that $ = ($,$) is a vector bundle map, that is $ : — i?' is a fiberwise linear map 
over $ : Q — > Q' ■ The pair (<&,$) is said to be a Lie algebroid morphism if 

(4.5) d^($*cr') = $*(d^'(T') , for aU a' e Sec{/\{E')*) and for ah /. 

Here $*cr' is the section of the vector bundle /\^ E* ^ Q defined (for / > 0) by 

(4.6) (<fV'),(ei, . . . , eO = 4(,)(*(ei), . . . Md)) , 

for q € Q and ei, . . . , e/ G iJg. In particular, when Q = Q' and $ = idq then (|4.5I) holds if and only if 

1$ o (Ti, $ o o-sJb' = <i>[o-l,cr2]£;, P_E' (<& o cr) = pb(o-), for cr, (Ti , (72 G S'ec(i?) . 

Let [q^) be a local coordinate system on Q and {(f) a local coordinate system on Q' . Let {6^} and 
{eg} be local base of sections of E and E' , respectively, and {e"} and {e"} their respective dual base. 
The vector bundle map $ is determined by the relations <I>*g* — (j)^{q) and $*e" = 0^e^ for certain local 

functions c/f and (j)'^ on Q. In this coordinate system $ — (<&,$) is a Lie algebroid morphism if and only 
if 



(4.7) ip^y^ir. ^ ip^,y^^^^ , <^^-eL=l(pB)L^-(pB)^,r^)+e^^ 



where the (pb)^, C^^ are the structure functions on E and the {pE'Ya, C|_ are the structure functions on 
E'. 



fe-COSYMPLECTIC FORMALISM ON LIE ALGEBROIDS 



For more definitions and properties about the concept of Lie algebroid morphism, see for instance 

4.4. The prolongation of a Lie algebroid over a fibration. In tliis subsection we recall a particular 
kind of Lie algebroid that will be used later (see [HI HOI US EZ] , for more details) . 

If {E, |-, -J^;, pe) is a Lie algebroid over a manifold Q and tt : P ^ Q is a fibration, then 

where 

jEp ^ g E^^^^ X I ^^(g) = Tp7r{vp)} 

is a Lie algebroid called the prolongation of the Lie algebroid {E, [-, -JetPe) (see for instance [301 Hi]). 
The anchor map of this Lie algebroid is : T^P TP, p'^{e,Vp) = Vp. In this paper we consider 
two particular Lie algebroid prolongations, one with P = M.'^ x {E® ■ ®E) and the other with P = 
R'^ X (£;*© (BE*) (for more details see [i ISi 1^ ) . 

If {q^,u^) are local coordinates on P and {cq,} is a local basis of sections of E, then a local basis of 
Tp : 7^ P — i> P is given by the family {X^, V^} where 



(4.8) x„(p) = (e„(^(p));pLWp))£r^) and V,(p) = (0^(p); ^ 



d_ 

' dq 

The Lie bracket of two sections of 7^ P is characterized by the relations 
(4.9) lX^,Xpf ^Ql^X^ |X„,V,r=0 |V,,V^r=0, 

and the exterior differential is therefore determined by 

d^'^x^ = ~ie;^^x"AX^ d^'^v^ = o 

where {X", V^} is the dual basis of {XcV^}. 

5. Classical Field Theories on Lie algebroids: a fc-cosYMPLECxic approach 

In this section, the fc-cosymplectic formalism for first order classical field theories (see [301 EI]) is 
extended to the general setting of Lie algebroids. Considering a Lie algebroid E' as a generalization of the 
tangent bundle TQ of Q, we will define the analog of the classical field equations and their solutions, and 
we study the analogs of the geometric structures of the standard fc-cosymplectic formalism. Lagrangian 
and Hamiltonian formalisms are developed in subsections 15.11 and 15.21 respectively, and it is verified 
that the standard Lagrangian and Hamiltonian fc-cosymplectic formalisms are particular examples of the 
formalism developed here. Throughout this section we consider a Lie algebroid {E,\-,-\et Pe) {E for 
simplicity) on the manifold Q. 

5.1. Lagrangian formalism. First, we will introduce some geometric ingredients which are necessary 
to develop the Lagrangian fc-cosymplectic formalism on Lie algebroids. 

5.1.1. The manifold M x (BE. The standard fc-cosymplectic Lagrangian formalism is developed on the 
bundle R'' x T^Q, where T^Q = TQ® . ®TQ is the Whitney sum of fc copies of TQ. Since we are 
thinking of a Lie algebroid as a substitute of the tangent bundle, it is natural to consider 

M'^x © S = M'' X (£'© .fe. (S)E) , 

and the projection map p: H'^x Q) E Q, given by p(i^, . . . , ,eiq, . . . , Ckq) — q. 

Let us observe that the elements of M x ® E have the following form: 

(t, Gq) {t , . . . , i , eiq, . . . , Cfcq) ■ 

If {q^Tu") are local coordinates on t^^{U) C E, then the induced local coordinates {t^,q^,y%) on 
(U) C M'^x ® E are given by 
(5.1) t^(t,e,)=t^(t), q\t,eq)^q\q), y^{t,eq) = y^{eAq) ■ 
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5.1.2. The Lagrangian prolongation. Consider the prolongation of a Lie algebroid E over the fibration 
p: R'^x E ^ Q, (see section li^. 

(5.2) T^(R'=x !bE) = {{ag, i;(t,e,)) eEx r(M'=x © E)/ psiaq) = Tp(i;(t,e,))} , 

k 

where (t,eq) G R x ® E. We deduce the following properties (see [HI [SUEZ] for standard properties of 
the prolongation Lie algebroid): 

(1) ■J^(M'=x ® E) CE X r(M'=x © E), with projection 

T : 7^ (R'' X (B E) — >R''x (BE 

has a Lie algebroid structure (|-, -p, ), where the anchor map 

pP; T^(R'''x ® E)^ T{R^x ® E) 



is the canonical projection on the second factor. In the sequel, this induced Lie algebroid srtruc- 
ture will be called the Lagrangian prolongation. 

(2) If {t^, q\y'X) are local coordinates on R'^ x © E, then the induced local coordinates on 'J^(M'^ x © 
E) are 

(^^^7 9*: y% z", VA, w'X)l<i<n, l<A<fc, l<a<m 

where 

(5-3) g'(a^,u(t,e,)) = q'iq) , ^^(ag, W(t,e,)) = W(t,e,)(i'^) , 

y3(a„W(t,e,)) = yli^q) , U'3(ag,W(t,e,)) = W(t,e,)(y3)- 

(3) The set {y^,X,, V^} given by 

^A, X„, V^: R'^^x ffii;^'J^(R'^-x ©£;) 

d \ ■ d \ d \ 

(5.4) yA(t,eq) = (0,; ^ ) , X„(t, e,) = (60(17); pL(g) ^ ) , '^a (t, e,) = (0^; ^-^ ) 

is a local basis of Sec('J^(R'^ x (BE)), the set of sections of r ^ fsee 14.81) . 

(4) The anchor map pP : T-^(R'''x ® E) ^ TiRj'x © £■) allows us to associate a vector field with 
each section ^: R'^'x © ^ T^(R'=x © E). Locally, if 

e = e^^A + r + e Sec(T^(R'=x ©£;)) 

then the associated vector field is given by 

(5-5) pHO -^^^+ + Ca^ e X(R^-x © E) . 

(5) The Lie bracket of two sections of t k is characterized by (see 

T^=(K'=xe-E) 

[^^,^5? = 0, [yA,xjp = 0, r^A,v^f = 0, 

[x«,x^ip = e^^x^, ix„,vfip = 0, [v^,vf]p = 0. 

(6) If {y"^,X", V^} is the dual basis of {y^i, Xq,, V;^}, then the exterior differential if given locally 
(seeHUl) by 

^r-iR-xlsE^f ^ ^ ^.^dl_^<. ^ dLvX , for aU / G e°°(R'=x © E) 

(5.7) 

dT^(B'=xeE)yA^O, d^^(«' x®^)x^ = -ie2;^X" A X^ , d^''^"' = . 
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Remark 5.1. In the particular case E = TQ, the manifold T^(K''x © E) reduces to T^W" x T^Q) since 



(5.8) 



■J^'3(M'=x ® TQ) = T^'3(R'= X T^Q) 

{K,^'(t,w,)) e Tg X T(M^- X TlQ)/uq = rpQ(z;(t,w,))} 

{(rpQ(«(t,w,)),«(t,w,)) e Tg X r(M^- x r^ig)/ (t,w,) e r'^ x tIq] 

{«(t,w,) e T(R'= X Tfeig)/ (t,wg) e M'= X TlQ} = T(R'= x T,ig) . 



5.1.3. The Liouville sections and vertical endomorphisms. On 'J^(R'"'x © E) we define two families of 
canonical objects, Liouville sections and vertical endomorphism which correspond to the Liouville vector 
fields and canonical tensor fields on M.^ x T^Q (see [3TJ |3S].) 

Ath-vertical lifting (see for instance [5]). An element {aq,Vft f, \ ) of 'J^(R'=x © E) is said to be 
vertical if 



where 



n(ag,W(t,e,)) =0,6^;, 

f 1 : T^(R'=xffii;) -> i;, 

(a<;,W(t,e,)) ag 

is the projection on the first factor E. The vertical elements of 'J^(R'^x E) are thus of the form 

(0„z;(t,e,)) eT^(R'=x ©i?) 

where '^(t.e,) G r(R x © E) and (t, e^) £ R x © £'. In particular, the tangent vector i'(t.eg) is p- vertical, 
since by (|5.2I) 

= r(t^e,)P(w(t.e,)) • 

In a local coordinate system {t'^,q^,y'^) on R'^x ffi E, if (a^, ^(t.e,)) G 'J-^(R'^x © iJ) is vertical, then 
Uq — Oq and 



W(t,e,) = 



d 

dtA 



d 



GT(t,e,)(M'-x ©£;). 



(t.e,) (t,e,) 

Definition 5.2. _Fbr each A = 1, . . . , fc, t/ie vertical Ath-lifting is defined as the mapping 
■''^ : E xn (R'^x ' " ' ' 

(5.9) 



•■^^ : £; Xq (R'^'x © £:) — > J^CRf^xOE) 

(a„t,e,) ^ (a„t,e,)-^ = (0„(a,)^^^^^)) 



where Qq £ E, {t,eq) = (t\ . . .,t'',eiq, . . ..Ckq) eM.^x ® E and the vector (ag)"^^^ ^ G r(t.e,)(K''x © 
is given by 



(5.10) 



s=0 



/(t, ei ,.. . , CA, + sag, . . . , efc ) , l< A<k , 



for an arbitrary function f G (R'^ x ffi £■) . 
The local expression of (ag)J'(fg \ is 



(5.11) 



(t,e,) 



eT(t,e,)(K'=x ffi^;) , i<A<k 



Since (ag)!'^'*^ . G r(t,e,)(]R''x ffi £;) is p- vertical, and from ([CTl) and ((5lT|) we deduce that locally 



(5.12) 



(flg, t, Bq) 



(09'y"K)7rir , )=2/"(ag)V^(t,e,), l<A<fc. 
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Vertical endomorphisms on T^(M'= X (BE). One of the most important family of canonical geometric 

]^ ^ 

elements on T^(M'^ x © i?) is the family of vertical endomorphisms , . . . , S'' . This family plays the role 
of the canonical tensor fields S^, . . . , S'' in the standard case (see, for instance [211 HH HSl S?! HH])- 

Definition 5.3. For A — 1, ... ,k the At/i-vcrtical endomorphism on T^(R'^x © E) is the mapping 

S^: j'^iR'^xBE) 7'^{R''x®E) 

(Og, W(t,e,)) ^ S^{aq, U(t,e,)) = (Og, t, e^)^-* , 

k k 

where Oq G E, (t,eg) <^R^x ® E and W(t,e,) G r(t.e,)(K''x © E). 

Locally, let {yA,^^, V^} be a local basis of Sec(T^(M'=x © E)) and let V^} be its dual basis. 

The corresponding local expression of is 

m 

(5.14) 5^ = ^V^«)X", l<A<k. 

a=l 

Remark 5.4. 

(1) In the standard case {E ~ TQ, p = idTq), the 5"^ constitutes the canonical tensor fields 
S*!, . . . , 5*^ on R*^ X T^Q ( see, for instance, [SI SI 113 SZl HE] ) ■ 

(2) The endomorphisms , . . . , S'' defined here allows us to introduce the Lagrangian sections when 
we develop the fc-cosymplectic Lagrangian formalism on Lie algebroids. Moreover these mappings 

give a characterization of certain sections of T^(R'^x © E) which we consider in the following 
subsection. 



The Liouville sections. The Ath Liouville section is the section of r ^ : T^(R'^x ® E) ^ 



k 

M.'^x ® E given by 

: R'^ X © x ® E) 

(t, e^) ^ AA{t, eg) = {prA{t, e,), t, e^"" = (eAg, t, e,)^^ 

where prA : M'"' x G) E E is the canonical projection of R'^ x © £' over the Ath copy of E. From the 
local expression (|5.12p of and since 

y^ieAq) = vK^, eig, ekq) = 2/2 e,): 

A^ has the local expression 

m 

(5.15) A^ = ^y3V^, l<A<k. 

Q = l 

Remark 5.5. In the standard case, A^ is the Atft,-Liouville vector field A^ on R*"' x T^Q, (see for 
instance [3lJ |Ml |47l |48] ) . O 

In the standard Lagrangian fc-cosymplectic formalism, the Liouville vector fields Ai, . . . , A^ allows us 
to define the energy function. Analogously as we will see below, the energy function can be defined in 
the Lie algebroid setting using the Liouville sections Ai, . . . , A/j. 

5.1.4. Second order partial differential equations (SOPDE'sj. In the standard fc-cosymplectic Lagrangian 
formalism one obtains the solutions of the Euler-Lagrange equations as integral sections of certain second- 
order partial differential equations (sopde in the sequel) on R*^ x T^Q. In order to introduce the analogous 
object on Lie algebroids, we note that in the standard case a SOPDE ^ is a fc-vector field on R*^ x T^Q, 
that is, a section of 



TliM!" X TlQ) = T{WL^ x T^Q)® . ©r(M''' x T^Q) ^ R*^ x T^Q , 
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which satisfies certain properties. Since x TlQ) is the Whitney sum of k copies of T(R'^ x T^Q), 

it is natural to think that, in the Lie algebroid context, the appropriate space would be the Whitney sum 



of k copies of T^(R''x © E), that is 

{7^)l{R''x ®E)^ T^(R'=x d E)® ©T^(R''x © E) . 
We denote by r its canonical projection on R x © E. 

k 

Definition 5.6. A second order partial differential equation (sopde) on R x (BE is a map ^ = 

i^i, - ■ ■ ,Ck) : R'^x © _E ^ (T-^)^(R''x © E) which is a section ofr^ ^ and satisfies the equations 

S^{U)^'^A and y^(eA)=<5f, l<A,B<k. 

Since (T^)^(R'=x © E) is the Whitney sum of k copies of 'J^(R''x © i?), we deduce that to give a 
section ^ of r*^ ^ is equivalent to giving a family of k sections ^i, . . . , ^fc of the Lagrangian prolongation 

T-^(R'^x © E) obtained by projection ^ on each factor. 

One easily deduces that the local expression of a SOPDE ^ = (^i, . . . , ^fc) is 

(5.16) U^'^A+vllc + iUTB'^'^ . 
where (^A)f G e°°(R''x © E). 

Lemma 5.7. Let ^ = (^1,. . .,Cfc): R'^x ©£' ^ (1^)1 (R'^x ©£:) &e a seciion o/?'^ , . Then 

x©_E 

(pP(ei), . . . , : M'x © £; ^ T,i(M^-x © E) 

is a k-vector field on M'^'x © E, where pP : 'J^(R'=x Q) E) = E Xtq T(R'=x ® E) ^ T{R''x © E) is the 
anchor map of the Lie algebroid 'J"^(M'^x © E). 

Proof. Directly by section [5 .1.2 1 (6). ■ 
In local coordinates 

(5.17) pHU) = ^ + pLyS^ + i^^)B^ e ^(i^'x ® ^) • 

k 

Definition 5.8. A map rj: [/ C R*^ — > R^x (BE is an integral section of a SOPDE ^ = (Ci, . . . , ^fc) if rj is 



an integral section of the k-vector field {p^{^i), ■ ■ ■ , P^i£,k)) associated with ^, that is, 
(5.18) P^iU)iriit))^rj4t)(^-^Q , l<A<k. 

In 77 is written locally as ri{t) ~ {riA{t) , rj^ (t) , r/^it)) , then from (|5.17p we deduce that (|5.18p is locally 
equivalent to the identities 



drii 



(5-19) 7^4 .-^3(t)pL, 7^.=(a)^(r7(t)) 



dt^ 



drj 



t 



dt^ 



\0 . 



5.1.5. Lagrangian formalism. In this section we develop an intrinsic and global geometric framework that 

, k 

allows us to write the Euler-Lagrange equations associated with a Lagrangian function i : M x © £' — > R 
on a Lie algebroid. We first introduce some geometric elements associated with L. 
Poincare-Cartan or Lagrangian sections. The Poincare-Cartan 1-sections 0^ are defined by 

ef:R'^xffi£; — > [7^ {M.^ X (B E)) * 
(t,e,) ef(t,e,) 

where ef(t,e,): (T^(R'=x © £;))(t^e, 

) — 7- R is the linear mapping defined by 
(5.20) (ef)(t,e,)(a„z;(t,e,)) = (d^"(«'x®^)L)(t,e,)((^^)(M,)(a„«(t,e,))) - 
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Using ([^ with f = L 
(5.21) 



(ef)(t,e,)(a,,«(t,e,)) = (d^ "®^)i)(t,e,)((5-4)(t,e,)K,«(t,e,))) 
= [pP((5-4)(t,e,)K,^^(t,e,)))]i, 



where (t,eg) G K'^x © (aq,W(t,e,)) e [T^(IR''x £;)](t,e,) and 

pP((^-^)(t.e,)(a„^^(t,e,))) e T(t,e,)(K^X © i?). 

The Poincare-Cartan 2-sections 

: r'^x ® £; ^ a2('j^(r'=x © i;)) *, i < a < fc 

are defined by 

To find the local expression of 6f and Of, consider {^s, X^, }, a local basis of Sec(T^(M'^ x © E)) 
and its dual basis {y^, X", V%}. From ([53]), (jSlH) and (IOT|) . we deduce that 



(5.22) 



1< A<k 



and from the local expressions (|5.5p . (|5.6p . (|5.7I) and (I5.22p . 



(5.23) 



We say that the lagrangian L is regular if the matrix ( 



■) is non-singular. 



Remark 5.9. When we consider the particular case E = TQ and p = idrq, 



K A<k. 



where X, Y are vector fields on x T^Q and o;]^, . . . ,a;^ are the Lagrangian 2-forms of the standard 
/c-cosymplectic Lagrangian formalism, see for instance [HI S?! SH] • o 

. fc 

The energy function. The energy function El : M x © — > M defined by the Lagrangian L is 

fc 

= E P^i^A)L - L . 

A=l 



and from (j5.5p and (j5.15l) one deduces that El is locally given by 

k 

(5.24) 



= E - i e e°°(IR'= X © i?) . 

Morphisms. We generalize the Euler-Lagrange equations and their solutions to the case of Lie algebroids 
in terms of Lie algebroid morphisms. 

In the standard Lagrangian /c-cosymplectic formalism, a solution of the Euler-Lagrange equations is a 
field (/) : R'^ — >■ Q with a first prolongation : R'^ M*^ x T^Q satisfying those equations, that is. 



E 

A=l 



d 



dL 
t \dv\ 



0(11 (t) 



'-fc 
dL 



0m (t) 



The map naturally induces the Lie algebroid morphism 

T4> 



TQ 

Q 
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( d 9 1 

and in terms of the canonical basis of sections of Tric, < ^-j-, . . . , >, the first prolongation of (j), 



can be written as 



d 



d 



^i(t) = (t,Tt0(^ j,...,Tt0(^ ;) 



For a general Lie algebroid we shall derive Euler-Lagrange equations for field theories on Lie algebroids 
using as a main tool Lie algebroid morphisms $ = ($,$), 



t 



~ k 

with an associated map 

iiM'' R'^x ® E = R'' X E® .>;. (SE 

t ^ (t,$(ei(t)),...,¥(efc(t))) . 

where {e^l^^i is a fixed local basis of local sections of TM.^. 

If {t"^) and (g*) are local coordinate systems on R*^ and Q, respectively; {ba} and {ed local basis of 
sections of r^k and E', respectively; and {e^} and {e"} the respective dual bases; then $(t) — {(j)^{t)) 
and $*e" = 4>a^^ ^'^^ certain local functions (/)* and 0^ on R*^, the associated map $ is given locally by 
$(t) = (i^, (/)'(t), 0^(t)), and the Lie algebroid morphism conditions (|4.7p are 

RemEirk 5.10. In the standard case {E = TQ), the morphism conditions reduce to 



and 



i.e., the standard first-order prolongations of fields (p ■.R'' ^ Q. O 

, k 

The Euler-Lagrange equations. Given a regular Lagrangian function L: W x © R , it is natural 
to consider sections = (Ci,---,Cfc) of ('J'^)fe(I^'' x (S E) = 7^ {R'' x (B E)® . ©T^(R'=x ® E) ^ 
R'^x ® E such that 

(5.26) = , ^^e.f^f = d^^(«^x^^)i?. + ^|^y^. 

equation (|5.26p being the analog of the geometric Euler-Lagrange equations of the standard fc-cosymplectic 
Lagrangian formalism. 

Theorem 5.11. Let L : R" x ® E R be a regular Lagrangian, and ^1 , . . . , ^fc k sections of t & : 
7^{R''x ® E) ^R'^x ® E such that 

riu) = s^ , i:H.^t = d^^(^'^-^^^E, + Y.§^y^- 

A=l A=l 



Then: 



(1) = (6, is a SOPDE. 

(2) // $ : R*^ — >■ R*^ X © _E is the map associated with a Lie algebroid morphism between TR^ and 
E, and is an integral section of ^l, then it is a solution of the Euler-Lagrange equations of field 
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theories on Lie algebroids, that is, 
A d 



/ dL 














<f(t) 



<f(t) 



(5.27) 



dt^ 



dtB 



dt^ 



e^.<(t)'^l(t) 



Proof. The proof is analogous to the one in Theorem 4.18 in [53]. 



In this case one obtains that if = (^i , ■ 
then: 



^fc) : R'^x ® £; (T^)i(R'=x © i;) is a solution to (lOe)) 



(1) is a SOPDE on 1^(1 

k 



'x ® With respect to a local coordinate system on 



M^ x ® E and a local basis {cq} of Sec(i?) it is given locally by 
(^a)b being functions on M^x © E] 

k 



(5.28) 



(2) the functions e 6 



''x (B E) satisfy the following equations: 
d^L ,^ 



If the map $ : M'' — R'' x © i? associated with a Lie algebroid morphism $ : TM'' — > i? and defined 
by $(t) = (t, 0*(t), 0^(t)), is an integral section of ^l, then by condition (I5.19P and equations (I5.28P we 
obtain 



A=\ 



d 



/ dL 


<f(t)y 


\ ^ dL 

1 ^"dq' $(t) 






^ = 0s(t)PL, 



*(t) 



= 



or, 



dtB 



dt^ 



e^.'^^(t)0l(t) 



where the last two equations are consequence of the morphism conditions (j5.25p . ■ 

If E is the standard Lie algebroid TQ, the previous equations are the classical Euler-Lagrange equations 
for the Lagrangian L-.'SJ'x T^Q — > R. In what follows (|5.27p will be called the Euler-Lagrange equations 
of field theories on Lie algebroids. 

Remark 5.12. 

(1) Equations (j5.27l) are obtained by E. Martinez 40: using a variational approach in the multisym- 
plectic framework. 

k 

(2) If L does not depends on t, then it can be considered as a map L: _E — s> R. In this case the 

sections Vt^ can be thought as sections of 7^{® E) and from (|5.26p we deduce the fc-symplectic 
Euler-Lagrange equations on Lie algebroids developed in [24] . 

(3) When E = TQ, equations (15. 26^ are the standard fc-cosymplectic geometric version of the Euler- 
Lagrange equations for field theories develop by M. de Leon et al in [3T|. 

(4) When L does not depends on t and E = TQ and p = idxq, equations (|5.26p coincide with the 
Euler-Lagrange equations of the Giinther formalism [TH] . 



In the following table we write the geometric Lagrangian equations in the above particular cases. 
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Lagrangian formalism 
Geometric Lagrangian equations 


/c-cosymplectic formalism 
on Lie algebroids 


^z,.i^f = d-^(«^x^-)£;, + ;£^V^ 

A=l A=\ 

(^1, . . . ,Cfc) family of fc sections of 'J-^(M'=x © E) 


fc-symplectic formalism 

on Lie algebroids 
(l^-0,A = l,...,fc) 


j2^,^nt = d^^^^^^E, 

A=l 

„ k 

(^1 , . . . , ffc) family of fc sections of (© E) 


Standard 
fc-cosymplectic formalism 
{E = TQ) 


A=l A=l 

(Yi, . . . , Yfe) k- vector field on R'' x T^Q 


Standard 
fc-symplectic formalism 

[E = TQ) 
(|^ = 0,A = l,...,fc) 


k 

A=l 

(Fi, . . . , Yfc) k- vector field on T^Q 



Remark 5.13. When fc = 1, 

(1) If L explicitly depends on t, equations (15.26^ are the equations of Lagrangian mechanics for time- 
dependent system defined on Lie algebroids, see for instance [5T1[52]. Moreover. In this case, 
when E = TQ, (|5.26p are the dynamical equations of non-autonomous mechanics (see [TT]). 

(2) If L does not depends on t, equations (j5.26p are the geometric equations for autonomous la- 
grangian mechanics on Lie algebroids, see for instance [38]. Finally in this case HE — TQ we 
have the classical equations for autonomous mechanics. 



5.2. Hamiltonian formalism. In this section we extend the standard Hamiltonian fc-cosymplectic for- 
malism to Lie algebroids. In the following, we consider a Lie algebroid (i?, |-, -J^, ps) over a manifold Q, 
and the dual bundle, t * : E * ^ Q of E. 

h ^ 

5.2.1. The manifold E x ® E* . The appropriate space of the standard Hamiltonian fc-cosymplectic 
formalism is the bundle M'^ x {T^)*Q, where {T^)*Q is the bundle of fc^-velocities of Q, that is, the 
Whitney sum of fc copies of T*Q. For this generalization to Lie algebroids, it is natural to consider that 
the analog of R*^ x {T^)*Q is 

R'^'x ® E* = R'' X {E*® (SE*) , 

with the projection map 

p*:R'^-x ©£;*^g, p*(^^...,^^el*,...,efc;)=<7, 

k 

(BE* being the Whitney sum of fc copies of the dual space E* . 

, k 

Let us observe that the elements of R x (BE* are of the form 

(t,e;) = (^^...,^^el;,...,efc;). 
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If {q^,ya) are local coordinates on (r*) ^{U) C E* , then the induced local coordinates {t^,q'^,y^) on 

k 

{p*)-'^{U) C M'^x © £:* are given by 

(5.29) i^(t,e;) = i^(t), q\t,e;)=q\q), y^(t, e^) = ^^(e^) . 

5.2.2. The Hamiltonian prolongation. We next consider the prolongation of a Lie algebroid E over the 

~ ^ ri—rr 

fibration p* : M'"' x © * ^ Q, that is (see section 

(5.30) T^(R'=x ® E*) = {(a„i;(t,e*)) e ^ x r(M'=x ® E*)/ p{a,) ^ rp*(«(t,e;))} • 

Taking into account the description of the prolongation and the results on Section l44l (see also 
[91 [251 EH), we obtain 



(1) T^(R'=x © £■*) C -B X T(R'=x © i;*) is a Lie algebroid over R'^x ® E*, with the projection 

T ■.7^CR''x ® E*) — >R''x®E* 



and Lie algebroid structure (|-, -p , ), where the anchor map 

pP' : T^(R''x © E*) T{R''x ®E*) 

is the canonical projection onto the second factor. We refer to this Lie algebroid as the k- 

cosymplectic Hamiltonian prolongation 

k 

(2) Local coordinates {t^,q^,y^) on R'^x ® E* induce local coordinates (t"^, j/„ , 2:", w^, w^) on 
'J^(M'^'x © £■*), where 

i'^(ag,W(t,e*)) = i^(t) , z"(ag,z;(t,e-)) = y"{aq) , 

(5.31) g*(a5,W(t,e*)) = <?'(<?), UA(ag, W(t,e*)) = W(t,e-)(i^), 
yaK:'^(t,e*)) = y^it,e*) , U;^(a5,W(t,e-)) = W(t,e-)(2/a) • 

(3) The set {^a, V^} given by 

y^, X„, V^: R'^x S)E* -^7^{R''x ® E*) 

(5.32) yA(t,e;) = (0,;^j ) , X„(t, e*) = (e,(g); pL(g) t^-I ) , VS(t, ej) = (0,; I ) 

Ot l(t,e*) eg l{t,ej) 

is a local basis of Sec('J^(R''x © i? *)), the set of sections of r ^ (see 

(4) The anchor map pP* : 'J^(M'''x © £■*) ^ r(R'=x © B;*) allows us to associate a vector field with 

k k 

each section £ : R'^' x © * ^ (R'' x © * ) of r ^ . Locally, if £ is given by 

^ ^^^y^+rXa+eaVS 6Sec(T^(R^x ffi^;*)), 
then the associate vector field is 

(5-33) p^'iO - e^gfi + + e X(R'=x © S*) . 

(5) The Lie bracket of two sections of t ^ is characterized by the relations (see (14.91) ). 

W'll A, 71 RW — U , II ?7 4 . ^r. II • — U , W H A , 

(5.34) 



(6) If {y'^j X", V^} is the dual basis of {^a, ^q, "^^Sl- then the exterior differential is given by 
^'y-i^''.l>E')j^dl_^A^^^^^^.^dl_^A^ /ee-(R'^xffii?*) 

dT^(R'=x©£*)yA ^0 , d^^t^'^^^^'^x-^ = -ie2;^x" AX'' , d^^("'^®^*)v^ = 0, 

(see grUj))- 
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k 

Remark 5.14. In the particular case E ^ TQ, the manifold T^(M'''x ® E*) reduces to T{R'' x {T^)*Q). 
The proof is analogous to the on in remark [5. II o 

k k 

5.2.3. The vector bundle 7^(K''x © £:*)© ©T^(R''x © E*). In the standard Hamiltonian k- 
cosymplectic formalism one obtains the solutions of the Hamilton equations as integral sections of certain 
A:- vector fields on R*^ x {T^)*Q, that is sections of 



Since on Lie algebroids the vector bundle T^(R'=x © £;*) plays the role of r(R'= x {Tl)*Q), it is 
natural to assume that the role of 

Tfei(R'= X (T^yq) = t(r'= X (TlYQ)® . ©r(R'= X {tIyq) 

is played by 

{7^)l{M.''y. ®E*): = T^(R''x © E*)® . ©T^(R''x © E*) , 

k k 

the Whitney sum of k copies of 'J^(R'^x © i?*), being the canonical projection ^ : (T^)J,(M'^x © 
E*) -^Ml^x ® E* given by 

t\ , (4 Zf )) = (t,e;), 

k 

where Z^^^^,-^ = (a^g, WA(t,ej)) £ T^(R''x ® E*), A = 1, . . . , fc. We have the following 
Proposition 5.15. Let ^ — (^i, . . . ,£^k) he a section o/'^Rfcx(T?)*Q- ^^^n 

(p^^*(6),...,P^'(a)):K'=x ©i?*^r,}(R'=x ©i?*) 

f^: M'^'x ® E* ^ 'J^(R''x ® E*) 
is a k-vector field on M'^x © E* , where is the anchor map of the Lie algebroid T^(R'^x © E*). 

Proof. Directly from (|5.33p and the above remark. ■ 

5.2.4. Hamiltonian formalism. Let {E, |-, -JetPe) be a Lie algebroid on a manifold Q, and _ff : R x © 
i? * — R a Hamiltonian function. To develop the Hamiltonian fc-cosymplectic formalism on Lie algebroids, 
we need to define an appropriate notion of Liouville sections. 

The Liouville sections. The Liouville 1-sections are defined as sections of the bundle ('J^(R''x © 
S*)) * ^ R'^x © £;* such that 

e^iR'^xffi^;* — > (T^(R'=x ©£;*)) * 

1< A< k. 



(t,e;) ^ ef 



(t,e,-) 

^i..)-- (T^(ffi'=xffi£;*))(t,e,.) 
(5.36) (aq,W(t,e,.)) > 0ft^e-)K''"(t,e;)) = ejf^(ag) , 



where 6;! „ : fT^fR'=x ©£;*)),...-, ^ R is the linear function 



for each a, e E, {t,e*) = (t,ei*, . . . ,efc*) e R'^x © £;* and W(t,e,*) & ?'(t,e,-)(lR'' x ©£■*)• The Liouville 
2-sections 

: R'^x © ^ A2[T^(R''^x Q) E*)] * , 1 < ^ < A: 

defined by 

^ _jT^(R'=xffi£;*)QA 

where d'^^C^'"^®^*) denotes the exterior differential on the Lie algebroid T^(R''x ® E*) (see l|5.35p ). 
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Locally, if {^s, X^, V^} is a local basis of Scc('J^(IR'=x ® E*)) and {y^, X", V|} its dual basis, then 
from ^M), 

m 

(5.37) e^^^y^X'^, \<A<k, 
and from Km . (lOKll and (OTIl . 

(5.38) n^ = ^X''AV^ + i ^ yfe^^X'^AX^ , 1<A<A:. 
Remark 5.16. When = TQ and p = idrq then 

r2'^(x,y) = a;"^(x,y), i<v4<fc, 

where X,Y are vector field on M.'^ x {T^)*Q and w^, . . . , w*^ are the canonical 2-forms of the standard 
Hamiltonian fc-cosymplectic formalism (see p.ip ). o 

The Hamiltonian equations. 

, k 

Theorem 5.17. Let H : M.'^ x (B E* ^ R be a Hamiltonian function and 

= (6, ■••,6) : K'^x ® E ^ {7^)1{R''x © E*) = T^(M'^x ® E*)® ©T^(M'=x ® E*) 
a section of ^ , (or equivalently, o-fe k sections of the Hamiltonian prolongation), such 

that 

(5.39) y^(C^)=^f , ^z,,f7^ = d^^(«^x^^*)H-^&^. 

A=l A=l 

// : R'"' — > R'^ X © E* , -0(t) — (t, ?/)*(t), '(/'q (t)) is an integral section of ^h, then Tp is a solution of 
the following system of partial differential equations: 



dip'' 



dt^ 

(5.40) ^ 



dH 



t - l^^ .0(t) + ^iJ ■ 

Remark 5.18. In the particular case E — TQ and p = idrq, equations (|5.40p are the Hamilton field 
equations. Accordingly, equations (j5.40p are called the Hamilton equations for Lie algebroids. o 

Proof. The proof is analogous to that of Theorem 15.111 in section 15.1.51 A schedule of this proof is the 
following: 

h k 

Consider {]^B,'Ia, V^}, a local basis of sections of ? ^ : T^(R'=x © £;*) — > Rf'x ® E*. If 

R'=xffi£;' 

= (Ci I • • ■ J Cfc ) 1 then each component can be written in the form 
(5.41) U = efys + G3^a + (a)f . 

and from (|5.35p . (|5.38p and (I5.4ip the local expression of (|5.39p is 

(5-42) = , G = ^ , E(^-)^ = -(p«|f + Eei.<^). 

Also, if tp: K*" R'^x © E*, -0(t) = (t, V'*(t), -(/"^(t)) is an integral section of ^h, that is tp is an 

~. , k 

integral section of {pf . . . , pP {£,k)), the associated fc- vector field on R x (BE*, then 

dip' H dip^ 

(5.43) p^(^2o^) = ^, (e^)f oV. = ^. 



dH 



i,From (js:!^ and ([OH)) . 



and ^^^ = _|^e„,^, 
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Remark 5.19. 

k 

(1) When H does not depends on t, then it can be considered as a map H: © — > M. In this 

/j. 

case, the sections can be thought as sections of 7^{(B E*) and from (|5.39p one obtains the 
fc-symplectic Hamihonian equations for field theories on Lie algebroids (see ^24j). 

(2) When E = TQ and p ~ id-TQ, equations (I5.39P are the standard A;-cosymplectic geometric version 
of the Hamilton equations for field theories develop by M. de Leon et al in |30) . 

(3) If H does not depends on t and we consider the case E — TQ and p = Mtq we obtain the 
standard /c-symplectic geometric version of the Hamilton equations for field theories (see, for 
instance [11113]). 

o 

In the following table we write the geometric Lagrangian equations in the above particular cases. 





HAMILTONIAN FORMALISM 

Geometric Hamiltonian equations 


fc-cosymplectic formalism 
on Lie algebroids 


i^^n^ = d^ ^®-^ 

A=l A=l 

(f 1 , . . . , ^fc ) family of fc sections of (R'' x * ) 


fc-symplectic formalism 

on Lie algebroids 
(|^=0,A = l,...,fc) 


^*4,f}-4 = d^"(®^*)i? 

A=l 

(Ci , . . . , Cfc) family of k sections oiT^iQE*) 


Standard 
fc-cosymplectic formalism 
(E = TQ) 


dt^{YB)=6i 

A=l A=l 

(Fi, . . . , Ffe) k- vector field on x {Tl)*Q 


Standard 
fc-symplectic formalism 

(E = TQ) 
(|^=0,A = l,...,fc) 


k 

A=l 

(Yi, . . . , Yfc) k- vector field on {Tl)*Q 



Remark 5.20. When fc = 1, 

(1) If H explicitly depends on t, equations (|5.39p are the equations of Hamiltonian mechanics for 
time-dependent system defined on Lie algebroids ( see [HUES], for instance). Moreover, when 
E = TQ and p ~ IcItq we have the dynamical equations of the non-autonomous mechanics (see 

(2) If H does not depends on t , equations (|5.39p are the geometric equations of autonomous Hamil- 
tonian mechanics on Lie algebroids (see, for instance, [38| ) . In this case, if ii' = TQ and p — id^q 
we have the classical equations of autonomous mechanics. 



o 
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5.3. Equivalence between the Lagrangian and Hamiltonian formalism. In the standard case 
the Hamiltonian and Lagrangian fc-cosymplectic formulations are equivalents when the Lagrangian is 
hyperregular. On the /c-symplectic formalism on Lie algebroid we have obtained a similar result (see 
[24]). In this section we will define the Legendre transformation on Lie algebroids and we will establish 
the equivalence between the Lagrangian and Hamiltonian formalisms when the Lagrangian function is 
hyperregular. 

, k 

Definition 5.21. The Legendre transformation associated with L : M x (B E ^M. is the smooth map 

Leg : X ® E ^ R'' X ® E* 

defined by 

Leg{t,eq) = (t,[Leg{t,eq)]\ . . . ,[Leg{t,eg)f) 

where 

[Leg{t,eg)]'^{uq) = — L{t, ei^, . . . , eAq + sug, . . . , ekj , l<A<k, 
as s—O 

k 

where Uq S Eq and (t, e^) = (t, ei^, . . . , e^J G M^x © E. 

The map Leg is well defined, and its local expression is 

Leg{t^,q\y%) = {t^,q\—). 

From this expression, it is easy to prove that the Lagrangian L is regular if and only if Leg is a local 
diffeomorphism. 

Remark 5.22. When E = TQ, the Legendre transformation defined here coincides with the Legendre 
map of the standard fc-cosymplectic formalism, see [211 HI] . o 



Leg induces a map 
defined by 



7^ Leg : T^(R'^x ® E) ^ T^(R'=x E*) 



' Leg{aq,V(^t,e,)) = (og, (ieg),(t, e<,)(v(t,e,))) , 
where Oq £ Eq, (t,e,) e R'^x © £; and (ag,V(t,e,)) & T^(K'=x ® E) C E x T{R''x © E). 



k 



k 



Theorem 5.23. The pair (T Leg, Leg) is a morphism between the Lie algebroid (T (M x © E), p^, |-, -Jp) 
and (T^(R'^x ® E*), pP' -f) . 

'J^(R'=x © E) - T^(Rfex © £;*) 

^ k 



k ^ _ , fc 

Leg 



I'^x ®E JTn ^M'^x ©£;^ 



Moreover, if Qf^ and are, respectively, the Poincare-Cartan 1-sections and 2-sections associated 
with L: M'^'x © — > M, and and fl"^ , respectively, the Liouville 1-sections and 2-sections on 
T^(M'=x ®E*)), then 

(5.44) {J'^ Leg,Leg)*Q'^ ^Qi, {7^ Leg, LegYfl^ ^ , l<A<k. 

Proof. The proof is analogous to the one in the fc-symplectic case, see Theorem 4.30 in [24]. ■ 

Remark 5.24. When E — TQ and p — idxq, it establishes the relation between the Lagrangian and 
Hamiltonian formalism in the standard fc-cosymplectic approach (see [31]). o 
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We next assume that L is hyperregular, that is, that Leg is a global diffeomorphism. In this case we 

, fc 

may consider the Hamiltonian function iJ:Mx©£'*^M defined by 

H = ELo{Leg)-\ 

where El is the energy function associated with L, given by (|5.24l) . and {Leg)~^ is the inverse of the 
Legendre transformation. 

k Leg^^ f. 

R'^x ffi E* ^R'^x © E 



H 



El 



By a similar computation that in the Theorem 4.33 in |24) we prove the following theorem, which 
establishes the equivalence between the Lagrangian and Hamiltonian fc-cosymplectic formulations on Lie 
algebroids. 

Theorem 5.25. Let L be a hyperregular Lagrangian. There is a bijective correspondence between the 

set of maps rj : R*^ — > R*^ x (B E such that rj is an integral section of a solution of the geometric 

Euler- Lagrange equations i5.26\) and the set of maps "tjj : R'' — !• M'^' x Q) E* which are integral sections of 
some solution of the geometric Hamilton equations 

Proof. It is similar to the proof of the fc-symplectic formalism on Lie algebroids, see Theorem 4.33 in |24| . 
Here we must only to take into account the relationship between = (^|^, ... and = {^h, ■ ■ ■ j^h) 
given by: 

Ci^oLe,g = T^Lego^f , A = l,...,k. 



Remark 5.26. 

(1) When E — TQ, this theorem establishes the equivalence between the fc-cosymplectic Lagrangian 
and the Hamiltonian formalism (see [511 

(2) When L and H do not depend on t, the above Theorem reduces to the Theorem 4.33 in [24], 
which establishes the equivalence between the Lagrangian and Hamiltonian formalism on Lie 
algebroids on the fc-symplectic approach. 



6. Examples 

Harmonic maps, [51 [T2]. Let us remember that a smooth map ip: M ^ N between Riemannian mani- 
folds (M, g) and {N, h) is called harmonic if it is a critical point of the energy functional E, which, when 
M is compact oriented manifold, is defined as 

— I —tracegip*hdvg 

where dvg denotes the measure on M induced by its metric and, in local coordinates, the expression 
^tracegip*h reads 

1 y dip'' dipl^ 
2^ dx- dxi ■ 

This definition is extended to the case when M is not compact requiring that the restriction of if to 
every compact domain to be harmonic. 

Now we will consider the particular case M = R*' and N = G a Riemannian matrix Lie group. In this 
case we denote the trivial principal fiber bundle by tt: R*^ X G ^ R*^, and we identify Sec(R'= x G) with 
e°°(R'^,G'). For each (j) e C°°(R'^,G'), the Riemannian metrics on R*^ and G naturally induce a metric 

< •, • > on e°°(T*R'' (8) (p*{TG)), and so we may define the energy E on e°°(R'=, M) by 

(6.1) E{^)= f L{p>^'-\t))dH 

where L((p[il {t)) ^ \ < Tip, Tip > and d'^t = dt^ A . . . dt^ is the volume element of R*". 
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The Euler-Lagrange equations for (|6.1I) are given by (see, for example |12)). 
(6.2) Trace(yT(f)) = , 

where V is the induced Riemannian covariant derivative on C°°(T*K'' (g) ip*{TG)) and Trace is the trace 
defined by g (see, for example [l2])- By definition, the set of harmonic maps from M.'^ to G is the subset 
of Sec(R'^ X G) whose elements solve (|6.2p . 

Using Einstein's summation convention, we have the following coordinate expressions: 

L: JVM'= X G) = M'^ X T.^G ^ M 

it^,q\v\) ^ L{t^,q\v\)^lg^B^^^i^^^^ 

where denoted the local coordinates on R'^, that is, the space-time coordinates, = the components 
of the field ip and v\ = the partial derivatives of the components of the field. From (|6.2p one obtains 

where ^'^g and F*^ denote the Christoffel symbols of the Levi-Civita connections of g and h. 

We shall derive the reduced form of (|6.2p for two specific cases: G = M and G = E>^ = SU{2). In 
general, one obtains, 

(6.5) e(R'= xG)^ (ji(R'= X G)/G^ (R'' x T^G)/G^ (M'^' x G x gx xg)/G??s^R'= x gx xg, 

where e(R'^ x G) ^ M'"' is the bundle of connections (see ^). 

For the case that G — R, the abelian group of translations, from (j6.5p we obtain that C(R''' x G) ^ 
]gfe ^ j^fe g^^^ therefore, a section cr of the bundle connections can be thought as a 1-form on R''' with local 
expression a = pAdt^, where (t^,pB) are local coordinates on R'^ x R*^. 

The Lagrangian L is clearly R-invariant. Denoting by i the projection of L to C(P) = C(R'^ x G) = 
jjfe ^ -^k^ local coordinates, we obtain l{t"^,pb) = \g^^PAPB- Now, we can write the Euler-Lagrange 
equations (I5.27P for this Lagrangian £ and we obtain 



dig^^'pB) , CB 



(6.6) 



dpA dpB 



Let us observe that the first equation is the Euler-Poincare equation for £ and the second equation is the 
condition of the vanishing curvature on the trivial connection for R*^ x G (see, for instance, [J). 

We denote by g : R'' xT^^R (R'^ xT^^R) /R the canonical projection, let a = g(T(^), then pA = dip/dt^, 
this condition together the equations (j6.6p is equivalent to (16.41) . 

For the case G = §^ ^ SU{2), from (g^]) we know that e(R''' x SU{2)) R^ x su(2)x xsu(2) and 
we can make the identification 

T*M'= ®su(2) =R'= xsu(2)x xsu(2). 

This identification is locally given as follow: Let {Ei, E2, E^} be a basis of su(2), then a section of 
r*R'^ (X)su(2) — > R'' can be written as a{t) — pfdt^ Ei. This element a identifies with the element of 
R*^ X su(2)x .'f. xsu(2) with local coordinates {t^,pf ). 

The lagrangian L, (see (|6.3p ). is su(2)-invariant and its projection to R''" x su(2)x . xsu(2) is 

£{t^,pt)^\g^^ptpfh,,. 
Then the Euler-Lagrange equations (j5.27p write, in this follow: 

d{g^Bpfhij) (J AB An , AB A B I , n 

ttta + ^cb9 Pt K +9 PiPk Ckjhzi = 

(6.7) , „ 



The first group of equations of (j6.7p are the Euler-Poincare equations for the trivial connection of 
R*^ X SU{2), the second group of equations represents the vanishing curvature condition (see [7] for more 
details). 
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Classical Euler-Poincare equations. For a Lie Group G, we consider ttie principal fiber bundle tt : R x 
G -> R. Let L : J^(R x G) = M x TG ^> R be a G- invariant Lagrangian. Taking into account (16.51) with 
fc = 1 we obtain the following identifications 

e(R X G) (R X TG)/G = R x g. 

In a similar way that in the above example we obtain if £ is the projection of L to C(R x G), then the 
Euler-Lagrange equations associated to £ are the Classical Euler-Poincare equations, see for instance [7] 
or 

Systems with symmetry. Consider a principal bundle tt : Q — Q = Q/G. Let A : TQ — > q 
be a fixed principal connection with curvature B : TQ © TQ — > g. The connection A determines an 
isomorphism between the vector bundles TQ/G — > Q and TQ 5 — > Q, where g = (Q x g)/G is the 
adjoint bundle (see [S]): 

[vg]^TgTr{vg)(B[iq,A{vg))] 

where Vq € TqQ. The connection allows us to obtain a local basis of sections of ScciTQ /G) — X(Q) © 
Sec(g) as follows. Let e be the identity element of the Lie group G and assume that there are local 
coordinates (9*), 1 < « < dimQ and that {^a} is a basis of g. The corresponding sections of the adjoint 
bundle are the left-invariant vector fields ^f: 

i^{g) ^ T,Lg{ia) 
where Lg : G — > G is left translation by g G G. If 

then the corresponding horizontal lifts on the trivialization U x G are the vector fields 



The elements of the set 



dq' 



are by construction G-invariant, and therefore, constitute a local basis of sections {e.i, Ca} of Sec(TQ/G) = 
X{Q) ® Sec(g). 

Denote by {q^,y'',y°') the induced local coordinates of TQ/G. Then 



Wi,,)' dq^ ^--^-^ 



where 

dA" dA", 

the CJjj, being the structure constants of the Lie algebra. The structure functions of the Lie algebroid 
TQ/G — > Q are determined (see [25]) by 

lea,ebjTQ/G = ejj&ec 

( ^ - ^ 
PTQ/G{et) - ^ 

PTQ/ciea) = 0, 
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k 

and for a Lagrangian function L : M x © TQ/G — > K the Euler-Lagrange field equations are 



dt^WAj " '''''' d^^^' -'^'^d^ 

pc Ab i pic b 





( dL 








( dL 


dt^ 









- ^-^~Bt^y),y\ + Ql,A\y^ByA + QlbVAyB- 
If Q is a single point, that is, Q = G, then TQ/G — q, the Lagrangian is a function L : R x © 



and the field equations reduce to 



dt^ \dy%J '''"''y^' dyf 



a local form of the Euler-Poincare equations in field theory (see, for instance, |5j and |39j)- 
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